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The critical state concept

Practical example: progressive failure in a slope

Critical shear
strength mobilized
(large strains)

cPi-L

Stable
Peak shear strength
\ mobilized
-~
T =

t=f(x,y,z; strain)

Critical shear strength

----- mobilized
Yo

1=Ff(x,y,z; strain) <~
Belmont/Lausanne landslide 1990
The shear strength of a soil depends The “Critical State” defines the ultimate shear
on the strain magnitude strength that the soil can reach at a critical void ratio
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The critical state concept cPrL

Critical state: Deviatoric stress

Ultimate state in which shearing can continue

without change in volume

1
+» Axial strain
1

< > Axial strain

PR

\ 4
Volumetric strain
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The critical state concept =

Laboratory tests for analysing the shear strength of a soil
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Triaxial test Direct shear test Ring shear test

Rotating ring
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o |sotropic drained compression
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Isotropic drained compression

Principle .
Use .
Test .

0)

g
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Compression in all direction with the same magnitude

Evaluation of the volumetric soil behaviour

First stage of a triaxial test: Consolidation phase

Isotropic
stress state

Drained
condition
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Isotropic drained compression =

Stress path and stress-specific volume relation
q 4 Normal Compression Line (NCL)

v=N-Alnp'

v: specific volume (v =1+e)

p’: mean effective stress

N: specific volume at p’=1 in the adopted
measurement system

> \: slope of the NCL (plastic compressibility)

The NCL is unique for
a given soil

Geomechanics- Fall 2024 Lecture 6 - The critical state concept



Isotropic drained compression

Stress path and stress-specific volume relation
q 4 Unloading Reloading Line (URL)

v=v —klnp'

v: specific volume (v =1+e)

p’: mean effective stress

v,: specific volume at p’=1 in the adopted
measurement system

k: slope of the URL (elastic compressibility)

e: void ratio
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Isotropic drained compression

Preconsolidation pressure p, and the Overconsolidation ratio OCR

* The preconsolidation pressure (p’,): V.,
Maximum mean effective stress to
which the soil has been subjected

during the past

* The overconsolidation ratio (OCR)
Ratio between the preconsolidation
pressure and the actual mean

If the representative point of the
soil condition belongs to the URL,
the soil is overconsolidated (OCR>1)

effective stress

p’ (In)
! Preconsolidation
OCR — p'O pressure
P Example:
P’o: preconsolidation pressure OCRE = P °>1 OCRC — P ¢ >1 with OCRC > OCRE

p',

p’: actual mean effective stress
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Isotropic drained compression cPrL

Preconsolidation pressure p, and the Overconsolidation ratio OCR

O,
4 Line of isotropic  |sotropic drained compression:
stress state
G, The sample is first subjected to an isotropic
’ compression ¢’ followed by unloading to &
(OCR >1)
— Increase of the elastic domain
g O, — Density - dependent behaviour
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 EXxperimental evidences Conventional Triaxial Compression tests
O
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O
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Shearing a NC soil in drained compression =PrL

Principle . Increase of the axial stress and imposed drained conditions

Use . Evaluation of the soil shear strength
Test e Second stage of a triaxial test with drainage valves open
p' On the
Initial state of the soil OCR="—"=1 NCL
01 p
! '
@ Stress state p= o, +20, -9 +20°,
variables 3 3
03 E:> <:1 03 q=0,—0,
ﬁ Drained Ap,=0 » Ap=Ap'
condition
01 If pW,OZO » p:p'
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Shearing a NC soil in drained compression =PrL

Stress path and stress-strain response

q [ TSP=ESP q !
(if Pug=0) A Qes f\z
i
|
|
|
|
|
|
) A &
A single sample (A) , LY i 8
P, P |
V F 3 :
v=1+e |
_% |
e = Fs :
|
___________ L
Contraction NCL D Evol.cs CRITICAL A2
—Ae
A, oot = e STATE
> E 4
’ vol
P
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Shearing a NC soil in drained compression =PrL

Stress path and stress-strain response

Q t TsP=ESP q4
——————————————— qC S+-C— > 02
____________________ q_c s,B | - 82
fffffffffffffff Qcs,a | » A
Three samples (A,B,C) 2
consolidated at three A=B,=C .
€
. . a
different confinement €uoles A , A, CRTICAL
’ » M\ STATE
€volcs B = 82 CRITICAL
STATE
Evoles C »> C, CRITICAL
STATE
€
vol ¢
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Shearing a NC soil in drained compression =PrL

Critical State Line

In the q - p’ plane

O%M All points representative of the soil
! condition at the critical state (A,,B,,C,)

in the g-p’ plane are well interpretable by
a straight line passing through the origin

q=Mp'

p': Mean effective stress

g: Deviatoric stress

M: Slope of the CSL in the g-p’ plane
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Shearing a NC soil in drained compression =PrL

Critical State Line (CSL) in the v - p’ plane

V

p" (In)

: : _ v : specific volume (v=1+e)
All points representative of the soil

p’: mean effective stress
condition at the critical state v=I-— /an' [": specific volume at p’=1 in the adopted
(A,,B,,C,) are well interpretable by a measurement system
straight line in the v-p’(In) plane : A : slope of the NCL and of the CSL (plastic

compressibility)
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Shearing a NC solil in undrained compression cPrL

Principle . Increase of the axial stress and imposed undrained conditions

Use . Evaluation of the soil shear strength
Test Second stage of a triaxial test with drainage valves closed
p' On the
Initial state of the soil OCR="—"=1 NCL
0, p
' '
@ Stress state p= o, +20, 9 +20,
variables 3 3
03 E:> <:1 03 q=0,—0,
ﬁ Undrained Ap. #0 »  Ap#Ap'
condition
01 AV =0 » L= 0
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Shearing a NC solil in undrained compression

Stress path and stress-strain response

A single sample (A)

A A, is the starting

point of both the effective
and total stress paths only
if pyo=0

q y

3

As Apys Az

TSP

NCL

Constant volume

q+
Qes A= Ag
T
|
|
|
|
|
|
|
|
: A1 _ ‘%a
> y i >
p! p :
|
|
|
|
I
|
|
prif ——————————— °
D CRITICAL A= A;
STATE
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Shearing a NC solil in undrained compression cPrL

Stress path and stress-strain response
q A

Three samples (A,B,C)

consolidated at three

2 CRITICAL
» A, STATE

different confinement

CRITICAL
e
B, STATE

. C., CRITICAL
"~ Y2 STATE
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Shearing a NC soil cPrL

Critical State Lines in drained and undrained conditions q+t P, =0 O%ViM

The Critical State Lines do not depend on

the test conditions (drained or undrained) Undrained test

g= Mp, Drained test
v=I-Alnp'
A1: g ’
» If the soil is a NC clay (or a loose sand), the CSL is

reached with a contracting behavior:

e [If V can change (drain. cond.)
®» V decrease during shear (B,-B,)

« If V cannot change (undrain. cond.)
» Ap,, > O during shear (A;-A,)
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Critical State Line in g-p’-v plane cPrL

Combination of planes: Drained path

bq K CSL
* q-p’plane
Stress pathin
qg=Mp' the g-p’ plane >~ \‘ o
s>
* g -v plane <
v=[—-Alnp'

Stress path in
the v-p’ plane
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Critical state Line cPrL

Combination of drained and undrained tests 4 N

" Critical state line
q = 3/,
400 |-
A0 ﬁ\
B /
_ !
& 300 - _ / q = W
. . q=Mp ,
pa o O Undrained /
-
% 200 | A Drained //C <L
7/
7/
100 Critical /
state line //
I | 1 | | ! 74 -
0 100 200 300 400 500 600 700 _ 1/3
p'(kN m™2) p="
1.70 1.70
o Normal consolidation v=1+4+c¢e
. line '
O Undrained 4‘ V — F — ﬂ« ln p
]
Normal consolidation A Drained ry-- N
7 line AN
160 b 1.60 |- N BN
- > Critical \ V= I — ilnp
state line : \
Critical | \
state line \ ) \
9 ady - CSL
A‘OQ\Q\ 1.50 |- 4 ' \\
1.50 |- Inp' : \
| | ‘ | | | 4.0 5.0 6.0 7.0 | \
0 100 200 300 400 500 600 700 = e } - ' -
p/(kN m_z) 40 100 ’ , 400 1000 p = 1kPa ln p
P g J
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CSL: Drained & undrained path in g-p’-v cPrL

Drained & Undrained: Triaxial CTC on normally consolidated samples until failure

Undrained Drained
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CSL: Families of drained & undrained tests in g-p’-v cPrL

Drained & Undrained: Triaxial CTC on normally consolidated samples until failure

Undrained Drained
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 EXxperimental evidences Conventional Triaxial Compression tests
O
O
o Shearing phase on a OC soil in drained and undrained conditions
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Shearing an OC soil in drained compression cPrL

Principle . Increase of the axial stress and imposed drained conditions

Use . Evaluation of the soil shear strength
Test e Second stage of a triaxial test with drainage valves open
p' On the
Initial state of the soil ~ OCR =-—">1 URL
o) P
! '
@ Stress state p= o, +20, -9 +20°,
variables 3 3
03 E:> <:1 03 q=0,—0,
ﬁ Drained Ap,=0 » Ap=Ap'
condition
01 If pW,OZO » p:p'
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Shearing an OC soil in drained compression cPrL

Stress path and stress-strain response

o q+
TSP=ESP
(if py,=0)

! |
i |
| :
. A, | | £
A single sample (A) — ' ; ; 8,
| | A3
A | ' CRITICAL
2 | STATE
| Expansion |
A1 : (dilatancy) :
U Ear

Contraction

P PPt
Contraction + Expansion
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Shearing an OC soil in drained compression cPrL

Dilatancy and contractive behaviour V1
G
» The density defines the contractive or dilating behaviour of the soil ~
T—>
=111
a) Shearing of loosely packed <::1 X
layers of circular discs uy A .
= ToT
b) Dense U 3
Y
Y N
J‘—; — : oy
| u )
b) Shearing of densely packed X
layers of circular discs a) Loose
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Shearing an OC soil in drained compression cPrL

Reynolds’s experiments (1885) - Dilatancy

Glass tube » Aballoon is filled with dense sand.
N « Aglass tube is filled with water.
Water level has decreased
ho i
h — Pressing the balloon, water goes down on
f \ the tube.

Well compacted sand — tendency to expand
« the space between grains increase

« The upper water to enter within it.
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Shearing an OC soil in drained compression cPrL

Stress path and stress-strain response
q F 3

TSP=ESP

Three samples (A,B,C)
consolidated at three

different confinement

€4

»
|

CRITICAL

B
/,”’__,.-—---7339‘ STATES
V Ea-

To note: for p’ ,<p’<p’, the soail is still OC but
v at a low level, and the CSL will be reached
Evol with a volume decrease

The higher the OCR, the greater
the volume increase that must
occur for reaching the critical
state (higher dilatancy)
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Shearing in drained compression: NC and OC cPrL

Stress path and stress-strain response
q r 3

TSP=ESP

Two different samples:

I
[
|
|
: E
e AisNC K ,' a,
A1 EB1 |I
. Expansion :
° BisOC (dilatancy) B3 | CRITICAL
‘ STATE
A1 §B1 I\
| >
v K : Sa
Y e—p  CRITICAL
Contraction A2 STATE
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Shearing in drained compression: NC and OC

Critical State Line

The Critical State Lines do not depend on
the test conditions (NC or OC)

» In drained conditions the CSL is reached with a
contracting behavior:

* If the soil is a NC clay (or a loose sand) with a
contractive behavior

m AV<0 during shear (A;-A,)

* If the soil is a OC clay (or a dense sand), with a
dilatant behavior

= AV>0 during shear (B,-B;)

if the soil has a significant OCR (otherwise AV<O0 )

cPi-L

For initial p’s= initial p’g
B, oc
/\:%553 CRITICAL
ey STATE
il NC
EB1 | €a=
\Y,
Va
Vcs‘Az
\}cs:B

Vg
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Shearing a OC soil in undrained compression cPrL

Principle . Increase of the axial stress and imposed undrained conditions

Use . Evaluation of the soil shear strength
Test Second stage of a triaxial test with drainage valves closed
p' On the
Initial state of the soil OCR="—->1 URL
o) P
' '
@ Stress state p= o, +20, 9 +20,
variables 3 3
03 E:> <:1 03 q=0,—0,
ﬁ Undrained Ap #0 %  Ap#Ap'
condition
01 AV =0 » L= 0
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Shearing a OC soil in undrained compression cPrL

Stress path and stress-strain response
q r 3

A single sample (A)

» The dilating tendency of a
OC soil results in the
development of a negative
overpressure if the volume
cannot change (undrained
cond.) V= Ve

Constant volume
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* Critical state and shear strength
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Critical state and shear strength

Shear strength definition

P Peak shear strength (0,

Shear strength
b Critical (or ultimate) shear strength (q.)

— Only OC soil shows peak strength

4
Two samples of the same soil consolidated at 9 Initial p’,= initial p'g
the same p’ in drained conditions but different B,
OCRs: Qpeak B | A oC
A,=B,
A o3
o A N NC qpeak’A — qcs’A qcs,A= qpeak,Az qcs,B / NC
° B —_— OC queak,B > qcs,B Aj_ gBl Ea
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Critical state and shear strength cPirL

Soil Strength concept : Mohr-Coulomb failure law

Peak shear strength

q " q 4 envelope /

— '
q T apeak + Mpeakp

— Soil strength determined through the Mohr-Coulomb failure law correspond to the peak strength

— Soil strength definition should be selected based on the engineering problem of interest
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Critical state and shear strength cPrL

Soil Strength concept : Mohr-Coulomb failure law

— Different samples with the same initial density are
sheared at different confinement stresses.
The peak values are selected.

Peak shear strength
envelope

IZ> NOT UNIQUE (initial void ratio dependency)
q — apeak + Mpeakp'

— Different samples are sheared at different
confinement stresses.
The critical values are selected.

> UNIQUE (no initial void ratio dependency)

q = Mp' M : material parameter
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Critical state and shear strength cPrL

Soil Strength concept : Mohr-Coulomb failure law

— From the g-p’ plane to the 7 - 0", plane:

Peak shear strength _ IM
envelope @' =arcsin peak
T o o tano! v o' tane’ p M
rT=¢C peak—i_ o n ta’n¢ peak r=c peak+ o n tan¢ peak
a
(] _ eak (]
Clow = —M” tang’ .

- peak

Critical State Line

— From the g-p’ plane to the 7 - 0", plane:

o : : , : M
n z':gntangpcv (¢ =arcsin Y,
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« Examples
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Example

For a given soil, the critical state line is defined by the following soil parameters:
M=09,1=0.25T=3.0

The soil was subjected to conventional drained and undrained triaxial compression tests, calculate the
values of g, p" and v at the critical state as well as the pore pressure for the undrained test when the

soil initial condition is:
a)p; = 100 kPa,q; = 0 kPa,v; = 2.0

b) p; = 100 kPa,q; = 0 kPa,v; = 1.7

Lecture 6 - The critical state concept
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Example (a) - Drained loading

Soil parameters: M = 0.9,4 = 0.25,T = 3.0
a)p; = 100 kPa,q; = 0 kPa,v; = 2.0
Aq =3-Ap", qes=M - pes

Drained loading > ESP =TSP > Aq = q.s = 0.9 -p,s =3 - Ap’
Pes = pi + AP’

0.9p; + 0.9Ap" = 3Ap’' > Ap' = 42.9 kPa

plo =100 + 42.9 = 1429 kPa, q. = 0.9-142.9 = 128.6 kPa
vee =T —1-In(pl) = 3.0 — 0.25 - In(142.9) = 1.76

128.6 kPa

q N
A 0%

142.9 kPa

100 kPa p

[

2.0

1.76

NCL
CSL
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Example (a) - Undrained loading cPrL

Soil parameters: M = 0.9,4 = 0.25,T = 3.0
a)p; = 100 kPa,q; = 0 kPa,v; = 2.0

Aq=3-Ap', qcs=M - p¢s
Undrained > &, =02 v =v; =T — 1 In(pgs)
Des = €xp (%) = exp(4) = 54.6 kPa

qes = 0.9 -54.6 = 49.13 kPa

Aq =qcs=3-Ap > p=Ap+p; =—=+100 = 116.4 kPa

py =P —p =617 kPa

49.13 kPa

q N
A 0%

116.9 kPa

NCL
CSL

54.6 kPa 100 kPa p’
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Example (b) - Drained loading cPrL

q V2
A C)%

Soil parameters: M = 0.9,4 = 0.25,T = 3.0
b) p; = 100 kPa,q; = 0 kPa,v; = 1.7 128.6 kPaf---=----=-----_

Aq=3-Ap’, qcs=M - pgs

142.9 kPa

Drained loading > ESP =TSP 2Aq = q.; = 09 - p.; = 3 - Ap’

100 kPa p
Pes = pi +Ap’'> 0.9p; + 0.9Ap' = 3Ap" > Ap’ = 42.9 kPa v 4
ple = 142.9 kPa, q.; = 128.6 kPa
Ves =T — A -In(pes) = 1.76

1.76 F-----ng-----"
1.70 p--=--------

100 kPa 142.9 kPa p’
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Example (b) - Undrained loading

q N
A oq,

Soil parameters: M = 0.9,4 = 0.25,T = 3.0
b) p; = 100 kPa,q; = 0 kPa,v; = 1.7

Aq=3-Ap’, qcs=M - pgs

Undrained > &, =0 2> v, = v; =T — 1 - In(pLs)

'-v

pis = exp (=2) = exp(5.2) = 181.3 kPa

qes = 0.9-181.3 = 163.14 kPa

163.14
3

AQq=q,s=3-Ap2>p=Ap+p; = + 100 = 154.38 kPa,

pw =P —p' =—269 kPa

Geomechanics- Fall 2024

163.1 kPa

[

1.70

1 181.3 kPa
! >
154.4 kPa p’

100 kPa

O
(7]
r

1 " -
100 kPa 181.3kPa p’
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Summary cPrL

* The critical state is a state in which the shearing can continue without any tendency of the soil to
change its volume. It corresponds to reaching a constant volume condition in the case of a
drained test, and to reaching a constant water pressure condition in the case of an undrained
test.

* The critical state represents a lower bound to the strength of soils.

» Critical State Line (CSL) is defined in the q - p’ - v space

 CSL does not depend on the test conditions (drained or undrained)

 CSL does not depend on the state of the geomaterial (NC or OC)

* The critical state parameters are material parameters of the tested geomaterial (I, A and M)

* The CSL of the g-p’ plane can also be represented in the t-0’,, plane (critical or ultimate shear
strength envelope) and it corresponds to a Mohr-Coulomb failure law with ¢’=0 and ¢’
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Thank you for your attention
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